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THE MAIN purpose of this note is to describe a simple method of studying the fixed point 
schemes ofactions of additive and multiplicative group schemes. As an application we obtain 
on the one hand a (cohomological) generalization of a theorem of B. Iversen [S] on the 
fixed point schemes of actions of the multiplicative group, and on the other hand a 
(cohomological) generalization of a theorem of G. Horrocks [7] on the fixed point schemes 
of actions of the additive group. The main tool in this approach to the problem is provided 
by etale cohomology with compact supports. 
Let k be an algebraically closed field. Ail the schemes considered are supposed to be 
algebraic schemes over k. Fix a finite field K with characteristic different from that of k. 
Then one may assign to any algebraic scheme X (over k) a graded K-vector space H*(X) = 
~& Hi’(X, K) of etale cohomology of X with “ compact ” (or proper) supports with co- 
efficients in K, i.e. H!‘(X, K) is defined as R4f!(K). where f is the canonical morphism 
f: X+ Spec(k) and K is the constant sheaf corresponding to the field K. For the basic 
properties of etale cohomology with compact supports, see [3], [13], [6]. 
For any algebraic scheme X let x(X) denote the Euler-Poincare characteristic of X, 
i.e. x(X) = I?=0 (- 1)’ dim, H’(X). 
Let A be a fixed algebraic scheme. We shall say that an algebraic scheme X1 is simply 
A-equivalent to an algebraic scheme X2 if Xi is isomorphic to a closed subscheme X2’ of 
X2 and there exists an isomorphismf: X2 - X,’ --t Y x A where Y is an algebraic scheme. 
The smallest equivalence relation containing the relation of simple A-equivalence is called 
the A-equivalence. It follows from the above definitions that if X is A-equivalent to Y 
then Xred is Ared- equivalent to Yred .
THEOREM 1. Let X, Y, A be algebraic schemes. Suppose that X is A-equivalent to Y. 
Then 
(i) if A = Spec(k[x]) then r-i’(X) = Ho(Y) and H’(X) = H’(Y); 
(ii) if A = Spec(k[.r, x- ‘1 then x(X) = x(Y). 
Proof. Since H*(X) = H*(X,,,) we may assume that X = Xred. Moreover, it suffices 
to consider the case where X is simply A-equivalent to Y. By the definition of simple A- 
equivalence there exist then an open subscheme C’ of X such the X - U is isomorphic to Y 
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and an isomorphism f: U-t U, x A, for some algebraic scheme C;,. Replacing U, by an 
open non-empty subscheme, if necessary, we may assume that ci, is non-singular. Then by 
the Kunneth formula (see [3, $5.41) there exists a spectral sequence with Ezpr4 = HP(UI) 
8 Hq(ii) converging to Hptq(O; x A) r Hp+q(U). 
Case (i). Assume dim U = 1. Then U is isomorphic to a disjoint union of open sub- 
schemes isomorphic to Spec(k[x]). Usin g induction it suffices to consider the case 
U z Spec(k[x]). 
If i? = U then the result is trivial since H’(Spec k[,~]) = H’(Spec k[x]) = 0. Suppose 
0 # U. Then the standard exact sequences relative to the inclusions r/ c X, LJ - U c X - U, 
U c u give a commutative diagram with exact rovvs and columns 
Ho(U) H’(u) 
0 --+ H”(X - u) -+ Ho(X) - Ho(g) - H’(X - u) + H’(X) -H’(B) - H’(X - v) 
Id ! I01 iii I q III 
O-*H’(X- D)+H”(X- U)-+H’(u- U)-+H’(X- o)- H’(X- U)-+H’(~- U)+H’(X- U). 
NOW, Ho(U) = H’(U) = 0. Hence z. is an isomorphism. Since dim(ti - U) = 0, 
H’(u - U) = 0 and thus H’(v) = 0. Therefore s(i is an isomorphism. Hence by the five 
lemma Ho(X) --) H”(X - U), H’(X) -+ H’(X - U) are isomorphisms. 
Assume dim U > 1. Then we may assume that every connected component of Ui is 
not complete and hence H’(U,) = 0. Therefore we obtain 
E 
2 
0.0 = E 0.1 _ E 0.2 
2 -2 
=E’.O-E’.‘=E2.0__0, 
2 -2 2 
Thus Ho(U) = H’(U) = H’(U) = 0 and from the exact sequence relative to the inclusion 
we obtain that Ho(X) -+ H”(X - U), H’(X) -+ U’(X - U) are isomorphisms. 
Case (ii). By the standard exact sequence relative to the inclusion U c X, x(X) = x(U) 
+ x(X - U) and from the Kunneth formula we obtain 
y(U) = c (- l)p+q dim(HP((i,) @ Hq(Spec K[x, x-i])). 
P. 4 
Since H’(Spec k[x, x-‘1) = 
0 fori#l,2 
K for 1, 2, 
x(U) = t: C-1) P+’ Hp( U,) 1 (- dim HP( = 0. 
P 
Thus = x(X U‘). 
ON FIXED POWTSCHEMES OF ACTIONS OF ,MULTIPLICATIVE A&m ADDITIVE GROUPS 101 
Therefore (ii) is proved. 
THEOREM 2. Let G = G, (G = G,) and suppose that G acts on a reduced and irreducible 
algebraic scheme X. Then X is A-equicalent to XG, where 
A = Spec(k[x, x-i]) (A = Spec(k[x])). 
Proof. If X = XG then the theorem is trivial. Suppose that X # XG. Then by Theorem 1 
of [9] (cf. also [2, Proposition 11) and proof of Theorem 2.2 (and the final statement) of 
[lo] there exists a G-invariant non-empty open subscheme U of Xisomorphic to Vi x A, 
for some scheme Vi. This can be also proved as follows. Let U’ be a non-empty open irre- 
ducible G-invariant subscheme of Xsuch that the quotient (in the sense of [12]) tj: U’-+ U’/G 
exists (existence follows from [12]). Then the generic fibre F of $ is an algebraic scheme 
over the field of rational functions K(U’/G) = k(U’)=. Moreover, F with the action of G is 
homogeneous. By the lemma to Theorem 10 in [Ill there exists a k(U’/G)-rational point 
in F and hence F with the action of G is isomorphic to the quotient scheme G/H, where H 
is an algebraic (possibly non-reduced) group subscheme (over k(U’)G) of G, and the action 
of G on G/H is induced by translations. Moreover it follows from our assumptions that the 
(group) scheme G/H is isomorphic to G (see [5, Corollary 1.9, Chap. IV, $1, No. 2 and 
Proposition 1.1, Chap. IV, $2, No. 11). Hence X with the action of G is birationally G- 
equivalent to some product Ur’ x G with the action of G induced by some U,‘-homo- 
morphism U,’ x G-t U,’ x G and translations. Thus X contains an open G-invariant 
subscheme which is G-isomorphic to a G-invariant non-empty open subscheme of U,’ x G. 
Since any G-invariant open subscheme of iJ1’ x G is of the form U, x G, where U, is an 
open subscheme of U,‘, X contains a G-invariant non-empty open subscheme U which is 
isomorphic to U, x G, for some scheme U,. X is A-equivalent to X- U. If 
X - U = (X - U)” then XG = X - U and XG is A-equivalent to X. If X - U # (X - U)’ 
then we may proceed as above replacing X by X - U, etc. Since X is noetherian after a 
finite number of steps we obtain a closed subscheme X0 of X which is equal to X,,= and is 
A-equivalent to X. Moreover, it follows from the construction of X,, that XaG = Xc. Hence 
XG is A-equivalent to X. 
Q.E.D. 
From Theorem 1 and Theorem 2 we obtain: 
COROLLARY 1. Let G = G, and suppose that G acts on an algebraic scheme X. Then 
Ho(X) z H”(X’), H’(X) s H’(X’). In particular if X is complete and connected then Xc 
is connected. 
The above corollary can be considered as a cohomological generalization of the 
theorem of Horrocks [7]. 
COROLLARY 2. Let G = G,,, and suppose that G acts on an algebraic scheme X. Then 
x(X) = x(X”). 
In the case where X is complete and smooth a similar result was proved by B. Iversen 
[8], however, Iversen used the Euler-Poincare characteristic of X defined as the self- 
intersection number of the diagonal in X x X. The author is indebted to the referee for 
providing a proof that the characteristic coincides with the one used in this paper (tist 
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notice that the Euler-Poincare characteristic definsd as thz self-intersection of the diagonal 
coincides with thz characteristic defined by the I’adic cohomology. Then use the exact 
sequence of cohomology groups corresponding to the exact sequence 0 -+ 2, - zI + 
Z/I”Z -+ 0, where 1” annihilates the torsion in the cohomology groups H”( .Y. 2,)). 
COROLLARY 2. For at!)’ action of G = G, otz k” = Spec(k[.u,. . , x,]) eiifler ~k”)~ = 0 
or dim(k”)G > 0. For an)’ action ofG = G,, 017 k” eirher (ii”)’ ; Spec(k) or dim(Y)’ > 0. 
The above corollary generalizes Theorem 1 and Lemma of [2]. 
COROLLARY 4. Ler X be comecred tlon-complete then any action of G = G, on X has no 
isolaledjixed points. 
If X is irreducible and afine of dimension 2 1 then by induction on dim G one can 
easily prove that any action of any connected unipotent group G on X has no isolated 
fixed points. This form of Corollary 4 can be considered as a generalization of Proposition 
3.2, exposC XVII [4]. where only the case where X is a vector space and the action is linear 
is considered. 
COROLLARY 5. Let G be an algebraic connecled retimed and afitle group scheme. T/let1 
(a) x(G) = 0 or 1. x(G) = 1 ifand only if G is mipotettt; 
(b) H’(G) i 0 if and only if G = G,,, 
Proof. (a) If G is not unipotent then it contains a subgroup H isomorphic to G,. H 
acting by (left) translation has then no fixed point. thus x(G) = 0. If G is unipotent then 
the underlying scheme of G is isomorphic to k”, hence x(G) = 1. 
(b) If G is not a torus then G contains a subgroup H isomorphic to G,. Ii acts by (left) 
translations of G and the action has no fixed point, hence H’(G) = 0. If G = G,“, n > I, 
then the Kunneth by formula for etale cohomology with compact supports H’(G) = 0. 
If G = G, then H’(G) = K # 0. 
It follows from the above corollary that if an affine group scheme is isomorphic as a 
scheme to k” then G is unipotent (Theorem of Lazard). In fact the above proof of this result 
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